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Abstract 

This paper is a continuation of MNS2 , where short range pertur- 
bations of the flat Euclidian metric where considered. Here, we gener- 
alize the results of }MNS2j to long-range perturbations (in particular, 
we can allow potentials growing like (x) 2 ~ £ at infinity). More pre- 
cisely, we construct a modified quantum free evolution Go(~ s,hD z ) 
acting on Sjostrand's spaces, and we characterize the analytic wave 
front set of the solution e~ ltH uo of the Schrodinger equation, in terms 
of the semiclassical exponential decay of Go(— i/i -1 , hD z )Tuo, where T 
stands for the Bargmann-transform. The result is valid for t < near 
the forward non trapping points, and for t > near the backward non 
trapping points, ft is an extension of |Na3] to the analytic framework. 

1 Introduction 

We consider the analytic singularities of the solutions u(t) = e~ ltH UQ to a 
variable coefficients Schrodinger equation, where the Schrodigner operator 
H is time-independent and of long-range type perturbation (that is, sub- 
quadratic) of the Laplacian Hq on R n . 

Such a problem has been the source of an abundant literature in the last 
decades, and we refer to [ MNSH IMN S2J for a long (though probably not 
exhaustive) list of references. Let us only mention the most recent works 
[Boll lDo2l [HaWul Htl iKaTal IMNS11 IMNS21 iMRZl iNaTl INa2l lNa3l IRoZull 
IKoZu2l[R^^IWu1 . 
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In |MNS2j . we proved that, in the short range case, the forward (resp. back- 
ward) non-trapping microlocal singularities propagate for t < (resp. t > 0) 
accordingly with those of the free evolution e~ itH °uo, except for a shift due 
to the possible perturbation of the metric (no shift appears if the perturba- 
tion is of the first order) . Actually, this shift is expressed by the underlying 
classical wave operators for the pair (H, Hq), that is, the map S± defined by 

S±(x,Q := lim exp tH po o exp tH qo (x, £), 

t — >±oo 

where qo and po are the principal symbols of H and Hq, respectively. More 
precisely, denoting by FNT (resp. BNT) the forward (resp. backward) 
non-trapping set, we proved the two identities (see |MNS2j Theorem 2.1): 

WF a (e- itH u ) n FNT = Si 1 {W F a {e~ itHo uq)) for all t < 0; 
WF a (e- itH u ) n BNT = SZ 1 {W F a (e- itH ° uq)) for all t > 0. 

However, in the long range case, the previous operators S± do not exist 
anymore, and, as well as in the corresponding quantum case, one has to 
modify the free evolution near infinity in order to define wave operators. 

Here, we follow the general idea of [Na3j, that consisted in replacing the 
free quantum evolution by an operator of the form e iW (~ 5 where W = 
W(t, £) is a solution to dtW = p(d^W,^) for large |£|, and p is the total 
symbol of H. 

But in our case, we have the additional difficulty that we must remain in 
the analytic category, and thus, avoid the use of cut-off functions. 

In order to solve this problem, we prefer to work from the very beginning in 
weighted Sjostrand's spaces, since this allows us to put ourselves in a semi- 
classical setting, and to limit the construction of the modified free evolution 
to the set > 5o}, with £o > arbitrarily small (and actually, we could 
even have limited it to a compact subset of M n \0). In this way, we obtain 
an analytic (/i-dependent) function W(s,£;h), solution of 

d s W = h 2 p{d^W : h~ 1 C), 

where h > is the additional semiclassical parameter, and our result can 
be written in terms of decaying properties, as h — > 0+, of the quantity 
e iW(-th ' hD z)/ hr £ U Q, where T is the usual Bargmann transform: L 2 (M. n ) — > 
H 1 ^, and the operator e lW (- th ,hD z )/h ac ^. g on weigthed Sjostrand space 
H 1 ^ (see Theorem 12.11 for a precise statement). 

Let us also observe that wc recover one of the difficulties of [MNS2] , con- 
cerning the fact that the size of the region in which the solution must be 
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considered increases like (s) = (th- 1 ). In [MNS2] . this appeared just af- 
ter the conjugation by e~ ttH ° , and constituted the main problem in order 
to apply Sjostrand's theory (see [MNS2] Lemma 3.1). Here, this difficulty 
appears repeatedly when we want to make changes of good contours in the 
integrals. While this can be done automatically in the microlocal setting of 



Sj , here we need to justify it each time we do it, because the size of these 



contours increases, too, like (s). 
The paper is organized as follows: 



In the next section, we introduce the notations and state our main result. 
In Section [3l we prove several estimates on the Hamilton flow of the total 
semiclassical symbol of h 2 H. In Section 01 we construct both the classical 
modified free evolution and the quantum modified free evolution, and we 
prove that the modified evolution acts correctly on convenient Sjostrand 
spaces. In Section \E\ we conjugate the evolution equation by the modified 
free quantum evolution, and we study the structure of the resulting equa- 
tion. Then, the proof of the main theorem is completed in Section El The 
appendices contain the justification of the various changes of contours of 
integration (Appendix \K§ and a technical result concerning the derivations 
on non-local Sjostrand's spaces (Appendix |B|) . 



2 Notations and result 

We consider the Schrodinger equation associated with the operator, 

Y n i n 

H = - ^2 D j a jM x ) D k + 2 ^2( a i( x ) D j + Djcijix)) + a (x) 

j,k=l j=l 

on "K = L 2 (M ra ), where Dj = —id Xj . We suppose the coefficients {a a (x)} 
satisfy to the following assumptions. For v > we denote 

r„ = {z e C n | \Imz\ < u(Rez)}. 

Assumption A. For each a, a a (x) G C 00 (M ?1 ) is real- valued and can be 
extended to a holomorphic function on r^, with some v y> 0. Moreover, for 
x G 1", the matrix (o,j ji{x))i<j k< n is symmetric and positive definite, and 
there exists a G (0, 1] such that, 

\aj,k(x) -5j tk \ < C {x}~ a , j,k = l,...,n, 
\a>j(x)\ < Cq{x) 1 ~ u , j = l,...,n, 

|a (x)| <Q)(z) 2 - CT , 

for x G T u and with some constant Cq > 0. 
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(Here, we have used the notation (x) := (1 + |x| 2 ) 1//2 .) In particular, H 
is essentially selfadjoint on Co°(lR n ), and, denoting by the same letter H 
its unique selfadjoint extension on L 2 (R n ), we can consider its quantum 
evolution group e~ ltH . 

In order to describe the analytic wave-front set of u, we use the setting of 
and introduce the Bargmann-FBI transform T defined by, 

Tu(z,h)= [ e-( z -yy 2 / 2h u(y)dy, 



where z £ C n and h > is a small extra-parameter. Then, Tu belongs to 
the Sjostrand space H 1 ^ with &o(z) '■= |Im z\ 2 /2, that is, it is a holomorphic 
function of z, and, for any compact set K C C n and any e > 0, there exits 
C = C(k,e) such that \Tu(z,h)\ < Ce^°^ +£ ^ h , uniformly for z G K and 
h > small enough. 

We recall from [Sj] that a point (x,^) G T*R n \0 is not in WF a (u) if and 
only if there exists some 5 > such that Tu = Q{e^°^ z ^ S ^ h ) uniformly for 
z close enough to x — i£ and h > small enough. By using Cauchy-formula 
and the continuity of <&o, it is easy to see that this is also equivalent to the 
existence of some 5' > such that ||e~* 0/ '' , 'T'u|| L 2(Q) = 0(e~ 5 l h ) for some 
complex neighborhood VL of x — i£. In that case, we will just write: Tu ~ in 
H$ 0jX _i£, where H$ Q;Z is the space of germs of H$ -functions near a complex 
point z (see [Sj] and the appendix of [MNS2]). 

We denote by p(x, £) := ^ J^j k=i a j,k{x)ijik the principal symbol of H, 
and by Ho := — the free Laplace operator. For any (x, £) £ M 2n , we 
also denote by (y(t, x, £),r](t, x, £)) = exptH p (x,^) the Hamilton flow of p, 
and we say that a point (xq,^q) G T*M n \0 is forward non-trapping when 
\y(t, xo,£o)| ~^ 00 as * ~~ ^ +oo. In this case, it is well-known that rj(t, xo,£o) 
admits a limit £+(xo,£o) ^ K n \0 as t — > +oo. However, in contrast with 
the short-range case, the quantity y(t, xo,£o) — ^(^^CbCo) m ay not have a 
limit. 

In order to overcome this inconvenience, one has to modify the free evolution 
near infinity. For h > small enough, we set, 

- n n 

q(x,£;h) :=- ^ a j>k (x)^ k + /i ^ a,j(x)£j + /i 2 a (x). 
j,fc=i j=i 

Then, given some 5o > arbitrarily small, and following |Na3j . for s > 0, 
|£| > 5q, and /i > small enough, in Section HTT1 we construct a function 
W(s,£;h), solution of, 

dW 

— - q (d^W,C;h)=0, (2.1) 
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and such that, denoting by (x(s, z, (; h), £(s, z, (; h)) := exp sH q (x,£) the 
Hamilton flow of q, then, for any forward non-trapping point (xo>£o) with 
l^+^cCo)! > S , the quantity, 

x(h-\x , £ ; h)-dzW{hr x ,i{h-\x , £ ; h);h)+d^w(o, (+(x , &);/») (2-2) 

admits a limit x + (xo,^o) as ^ tends to 0+. 

For z G C n fl {|Im z| > 5 }, we set, 

Z(a, z) := z + d^W(0, -Im z) - d(.W{s, -Im z), 

and we denote by W(s, hD z ) a quantization of W(s, () on H$ 0tZ as in [Sj] (see 
also [MNS2], Appendix). Then, for any s > 0, in Section [4.21 we construct 
an invertible analytic Fourier Integral Operator, 

Gq(s) : H$ 0i z(s,z) —> -^$0,2 

such that, 

ih^ + (d s W)(s,hD z )G (s)~0 ; G o (0) ~ I. 

For more transparency in the notations, we will write e tW i s > hD z)/ h for the 
operator G (s), where W(s, () := W(s, () - W(0, (). 

Then, our main result is, 

Theorem 2.1. Suppose Assumption A, and suppose (xo, £o) JS forward non- 
trapping with |£+(xo,£o)| > ^o- Then, for any t < and any uo € L 2 (M n ), 
one has the equivalence, 

(x ,Co)^WF a (e- itH n ) jW(-th-\hD,)/h TuQ „ Q in H ^ z+M) , 

where z + (a? ,£o) := x+(x ,£o) - i£ + (x ,£a). 

Remark 2.2. Since WF a (u) is conical with respect to £ and £ + (xo, A£o) = 
A£ + (xo,£o) f° r an A > 0, the condition |£+(xo,£o)| > is not restrictive. 

Remark 2.3. Actually, equation (|2,ip needs not be satisfied by W, and 
the result remains valid with any W such that (12. 2|) admits a limit, and 
^ = Oiis)- 1 -*) uniformly for s = O^ 1 ), h -» 0+. 

Remark 2.4. In the short-range case, one can actually take W(s,£) = 
s£ 2 /2, so that e iW (~ th < hD ^)/ h just becomes e~ ltDz ^ 2 , and the function 
gWC-t/i- 1 ,^)/^^ coincides with T(e~ itHo u ). Thus, in that case, one 
recovers the result of [MNS2J. 

Remark 2.5. Of course, there is a similar result for (xo>£o) backward non- 
trapping and t > 0. 
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3 Preliminaries 

Replacing u$ by e ltH uo and changing t to —t, we see that the result can be 
reformulated by writing that, for any t > 0, one has the equivalence, 



(x ,^)^WF a (u ) e m ^ 1 ' hD ^ h T(e~ UH u )^0mH <i>0 



We set v(t) := T(e itH Uo). Then, by a standard result of Sjostrand's theory 
(see [Sj] Proposition 7.4 and [MNS2] Section 4), we see that v(t) is solution 
of, 

• ^ ~ in < c , (3.1) 

where i7 is the pseudodifferential operator on H$°, defined by, 
1 n 1 n 

j,fc=i j=i 

(3.2) 

Here, we have set ctj t k(z, Q '■= aj^z+iQ, o-j( z , C) '■= a j( z +iO> an d) for any 
function a(z.Q holomorphic near some point (zo, — Im Zq), we have denoted 
by Op R (a) its quantization on -H$ , Zo given by, 

Op R (a)v(z;h) := -\- [ e «(-»)C/fc (»+f , C ) t^dydC, (3-3) 
(2vr/i) n 7 7b(z) 2 

where 7b( 2 is the 2n-complex contour, 

lR (z) : C = -Im z + i,R(J^) ; |z - y| < iT 1 / 2 , (3.4) 

with R > constant, i? sufficiently (and arbitrarily) large. 

As in [MNS2J, we change the time scale by setting s := t/h, and we multiply 
equation (13. ip by h 2 . We obtain (with the notation v(s) := v(hs)), 

ih^L „ Qfj( a ) i n fl^ (3.5) 

with Q := h 2 H = Qo + hQ± + h 2 Q2, where the symbol of is of the form 
qj + 0(h) (locally in (z, £)), with, 

1 ™ 

§0(2, C; fr) = 90(2 + «C, := 2 ^ a i,fe( z + OOC/t; 

n 

3i(«)C;^) = 9i(^ + «C,C) : = 5Z%-(^ + *C)0; ( 3 -6) 

92(«, C; h) = q 2 (z + i(, C) := ao(^ + <)• 
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In order to construct the function W(s, £) and the Fourier integral operator 
Gq(s) ~ e iW(s,hD z )/h^ we nee( j gome estimates on the Hamilton flow of q : = 
Qo + hqi + h 2 q2- 

Lemma 3.1. Set (x(s,x,£;h),£(s,x,£;h)) := exp sH q (x, £). Then, for any 
forward non-trapping point (xq, £o) and any T > 0, £(T//i, xq, £o; h) tends to 
^ + (xo,^o) (independent ofT) as h — > 0+. Moreover, there exists a constant 
C = C(T) > such that, for (x,g) G C 2n dose enough to (x ,£o), s € 
[0, T//i], and /i > small enough, one has, 

\x(s,x,£;h)\ > ^ - C; 

\£(8,x,Z;h)-Z+(x,0\ <C{s)-°; 
\x{s,x,£;h)\ <Cs + C. 

Proof. This proof is rather standard, and we just sketch it (see, e.g., [Na3j 
for more details). At first, we observe that Assumtion A implies that the 
flow exists for all s > if the starting point is close enough to the real, 
and (omitting the dependence with respect to x,£,h in the notations), we 
compute, 

,(1 \x(s)\ 2 = 2\£(s)\ 2 + U(x(s),£(s)), (3.7) 



with, 



ds 2 ' 



U(x, = 0«x>-^| 2 + h(x)^\^\ + h 2 {x) 2 -°) 



uniformly. Now, by the conservation of energy and Assumption A, we see 
that |£(s)| + |£(s)| -1 remains uniformly bounded, while x(s) = 0((s)) uni- 
formly. Therefore, for s G [0,T/h], we deduce from (|3.7f> and Assumption 
A, 

i|x(s)| 2 > C- 1 - Ch° - C(x(s))- a , (3.8) 

for some constant C > and (x,£) G C 2n close enough to (xo,£o). Since 
(xo,£o) i s forward non trapping, there necessarily exists so > such that 
(x(so)} a > 3C 2 and 9 s |x(so)| > (it is true at = (£0)£o)> an d thus also 

in a complex neighborhood of this point by continuity of the flow). Then, 
by (|3.8|) . and for h small enough, we deduce that |x(s)| 2 is a convex function 
of s in [s ,T/h], and that \x(s)\ 2 > (s - s ) 2 /2C for all s G [s ,T/h]. 

The same arguments apply to the flow (y(s),rj(s)) := exptH qo (x,£) of the 
principal symbol qo (independent of h) of H, and then we can compare 
(x(s),£(s)) with (y(s),rj(s)). A direct computation, as in the proof of [Na3j 
Proposition 2.9, leads to, 



\d a (x -y)\< C(\i - V \ + (sr^lx -y\ + h(s) 1 
Mi -v)\< Cda)- 1 -^ - V \ + (s)- 2 - a \x -y\ + h{s)^ + h 2 (s 



1-c 
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For a G [0,T/h], we set g(s) = C J s + °° (s') _1-<T ds / and (a,/?) := e*(|5 - 
y|, |£ — r/|). For almost all s G [0,T/h], we obtain, 

5 s a<C(/3 + /i(s) 1 - ff ); (3.9) 
d.P < C((s)- 2 ~ a a + h(s)-' T ). (3.10) 

Setting 

Y := ['{Jy^'PfaaWds' + P 
Jo 

= ( S y l -^ 2 a + p + (l + a/2) [ S ( s ')- 2 -^ 2 ^-a(s f )ds', 

Jo ( s ) 

we find, 

d s Y <C{s)~ l - a l 2 Y + 2Ch(s)- a a.e., 
and thus, since Y(0) = 0, 

F( S ) = 0(/ l (,) 1 - CT ). 

In particular, this gives £(s) = 77(5) + 0(/i(s) 1_,J ), and thus £(T/h) = 
r}{T/h) + 0(/i CT ) -> as h -> 0+. Moreover, since |r?(s) - = 

0((s)- ff ), we also have |£(s)-£ + (x, £)| = 0(/i(s) 1 - <J +(s)- (T ) = 0((s)~ ff ). □ 

Remark 3.2. We also deduce from (|3.9f) and the estimate on /? that \x(s) — 
y( S )\ = (D(h(s) 2 ~°) = V(h°(s)). 

4 Construction of the modified free evolution 

4.1 The modified free classical evolution 

We first show, 

Lemma 4.1. For any 5 > 0, there exists Rs > 0, such that, for all £ G 
M n u>ii/i [£| > 5, i/ie poini := «s forward non trapping. 

Moreover, for any s > and /i > small enough, the application, 

J s ,s : ^i(s,X s (0;h) 

is a diffeomorphism from {|£| > <5} to its image, and there exists 5' = S'(5) — * 
+ as 5 — > + smc/j toai, 

> 5) d > y}. (4.1) 

Proof. The existence of -R5 such that -X#(£) is non trapping is very standard, 
and comes form the fact that the point X$(£) is in the out-going region 
(because R$£/\£\ ■ £ = Rs\£\ = |-R<5£/|£|| ' an d that the norm of its 
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position is R$ » 1 (see, e.g., |Na3j ). Then, arguments similar to (but 
simpler than) those used in the proof of Lemma 13 . 1 1 show that one has, 

\dz£(8,X s (£);h)-l\=G(Rj' r y, 

\£(s,x s (ty,h)-z\ = Q(Rj ff \z\), 

uniformly with respect to s, £, R$ and h. Therefore, if R$ is large enough, 
we see that J s ,s is a diffeomorphism from {|£| > 5} to its image, and that 
this one contains {|£| > (1 + CRJ U )S} for some constant C > independent 
of 5. Thus the result follows. □ 

Now, we fix 5q > arbitrarily small, and , for s > and |£| > So, we set, 

x(s,0 :=x(s,R s ^\,J-j(0), 

where S > is sufficiently small in order to have (|4.ip with 5' = Sq. Then, 
we define, 

W(s, := Rs\£\ + f q(x(s', (4.2) 
Jo 

By standard Hamilton-Jacobi theory (see, e.g., [ReSil iRo] INa3j ). we know 
that W solves the equation, 

dW 

— = q {d i W^;h), (4.3) 

and that one has, 

d^W(s,0 = x(s,0- (4.4) 

(Indeed, one easily verifies that x(s, £) is solution of the equation d s x(s, £) = 

*%c S^Or, f) + with = dd R s\€\)i so that dHJ follows by 

differentiating (|4.2|) in £, and (|4.3|) as well by derivating (|4.2|) in s.) 
Moreover, W is analytic on {|£| > So}, it is real if £ is real, and we have, 

Lemma 4.2. Let (x,£) £ M 2n be forward non trapping with |£ + (a;,£)| > <5o- 
Then, there exists x+(x,£) G M n such that, for any T > 0, the quantity, 

x(T/h, x, £ /i) - dtW(T/h, i(T/h, x, 0; /») 
tends to x + (x,£) as /i — > 0+. 

Proof. The proof is identical to that of [Na3j . Proposition 2.12, and we omit 
it. □ 
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4.2 The modified free quantum evolution 

For any zq G C n with |Im zq\ > 5q, the holomorphic function C l_ * ^) 
(defined in a complex neighborhood of — Im z) can be quantized into an 
analytic pseudodifferential operator W(s, hD z ) acting on H$ (hZo , by the for- 
mula, 

W(s, hD z )v(z) ■= 7^7^ / e«*-yW h W(8, Qv(y)dydQ : 

where 7(2;) is the 2n-complex contour, 

7(2) : C = — Im z + iR(z — y) ; \z — y\ < r, 

with r > constant, sufficiently (and arbitrarily) small and R > 1 arbitrar- 
ily large. 

The purpose of this section is to construct a Fourier integral operator, Go(s) 
between some Sjostrand's space H^ o Zs {z ) an d H$ ,zo, such that Zq(zo) = zo, 
and, 

ih-^- + (d s W)(s,hD z )G Q (s)~0 ; G o (0) ~ /, 

uniformly for s G [0,T//i] (T > arbitrary). Since — = — d s W(s,£) 
does not depend on z, its classical flow is easily determined as, 

U s : (z,()^(z-d c W(s, (),(), 

where we have set W(s,z) := W(s,r]) — W(0, rj). Therefore, in order to 
obtain zq as for the final base-point, the initial base-point should be, 

Z s (z ) := z + d c W(s, -Im z ). (4.5) 

Moreover, we see that Gq(s) can be taken of the form, 

G (s)v(z; h) = -\- [ e^ z -y^ h+iW ^/ h v( y )dyd V , (4.6) 

where it only remains to determine the contour 7(5, z). We have, 
Lemma 4.3. For any z G C™ Pi {|Im z\ > 5q} and s > 0, the application 

^s,z ■ (y, v) ^ ^o(y) - Im ((z - y)n + W(s, 77)) 
admits a saddle point at U~ 1 (z, — Im z) with critical value $o(z). 



10 



Proof. We compute, 

($o(y) - Im ((z - y)r, + W(s, 7/))) = -^(Im y + 77); 
V„ ($ (y) - Im {{z - y) V + W(s, 7/))) = - y + V v W(s, rf)), 

so that any critical point must verify 77 = — Im y and y = z + V,jW(s, 7/). In 
particular, since 77 is real, one must have Im y = Im z, and therefore, 

77 = — Im z ; y = z + V v W(s,—Im z), 

that is, (y, 77) = U~ (z, — Im z). Conversely, we see that U s (z, — Im z) is a 
critical point of &o(y)—Im ((z — y)r)+W(s, 7/)). Moreover, since W is real on 
the real, we have Im V 2 W(s, 7/) = for 7/ = — Im z, and one easily deduces 
that the critical point is non degenerate for all s > 0. Since, for s = 0, it is 
a saddle point, by continuity it remains a saddle point for all s > 0, and the 
critical value is &o(z + V v W(s, — Im z)) = $q(z). 

□ 

Thus, we could take for 7(5, z) any good 2n-contour for the map (y, rj) ^ 
<3?o(y) — Im {{z — y)r\ + W(s,rf)), that is, any contour of real dimension 2n, 
containing U s (z, — Im z), and along which, 

VsAV'V) -®o(z) < -5\(y,v)-U s (z,-lm z)\ 2 , 

for some 8 > 0. However, 5 may depend on s, and this is not enough to 
properly define the operator Gq(s) when s becomes large. 

Setting A s (z) := HessgPT(s, — Im z), for s > we instead consider the con- 
tour 7(s, z) defined by, 

' Re 77 = — Im y; 

< Im 7/ = (s)~ 2 [Re (z - y) + d<W(s, -Im z) + A s (z)lm (z - y)]; (4.7) 
, (s) _1 |Re (z — y) + — Im z)| + |Im (z — y)| < r, 

where r > is an arbitrarily small constant. Then, we claim, 

Lemma 4.4. If r is chosen sufficiently small, then there exists a constant 
5 > independent of s, such that, along 7(5, z), one has, 

^>sAy^)-Mz) < -5[(s)- 2 \Re (z-y) + d ( W(s,-lm z)| 2 + |Im (z-y)\ 2 ]. 

Remark 4.5. In particular, on the boundary of 7(5, z) we obtain ^f StZ (y, rf) — 
^o(z) < —r\ with n > independent of s. In that case, we will say that 
7(5, z) is a good contour for the phase \I/ S)2 uniformly with respect to s. 
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Proof. At first, let us observe that, by Lemma f3.1l and (|4.4p . for any a £ N n , 
we have, 

dfW( S ,0 = 0((*)) (4.8) 

uniformly for s = 0(l/h). 
We set, 

a := y — z — V v W(s, — Im z); 
a := 77 + Im z. 

Since W(s,rj) is real on the real, performing a Taylor expansion and using 
(I4.8p . we see that, 

Im (W(s,r/) - a • V v W(s,-lm z)) = vl s (2;)Re a • Im a + 0((s)|lm a\ \a\ 2 ). 
Then, by a straightforward computation, we find, 

^s,z{y, v) = 2 °| 2 + ^ m a • Re a + Re o • Im a — Aj(z)Re a • Im a 

+0((s)|lm a\ \a\ 2 ). 

Now, by definition, along 7(3,2), we have, 
Re a = — Im a; 

Im a = —(s)~ 2 (Re a + ^4 S (z)Im a) ; 
(s) _1 |Re a\ + |Im a| < r, 

and thus, there we obtain, 

®s,z{y>V) = -^l Im «| 2 - (sy 2 \Re a + A s (z)Im a\ 2 
+0((s) _1 |Rea + ,4 s (z)Ima| |Im a| 2 ) 
+0((s)- 5 |Re a + A s (z)lm af). 

Using again (|4.8p . this in particular gives, 

* 8l *(y,»?) < -^|Ima| 2 - (s)" 2 |Rea + A s (z)Ima| 2 

+C((s)~ 1 |Re a| + |Im a|) (|Im a| 2 + (s)~ 2 |Re a + A s (^)Im a| 2 ), 
where C > is a uniform constant. Hence, 

*•,*(!/, »7) < -(- ~ Cr)\lm a\ 2 - (1 - Cr)(s)- 2 |Re a + A s (z)lm a\ 2 , 
and the result follows by taking r < 1/(2(7) and by observing that 

|Im a| 2 + (s)~ 2 |Re a + A s (z)lm a\ 2 > <5(|Im a\ 2 + (s)~ 2 |Re a| 2 ) 
if 5 > is small enough, independently of s. □ 
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Taking the contour 7(5, z) as in (|4.7jl . and denning Gq(s) by (|4.6|) and Z s (zq) 
by (|4.5p . we have, 

Proposition 4.6. For e, s > and Z G C n , we set, 

n s (Z,e) := {zef; (s) _1 |Re (z-Z)\ + \lm (z - Z)\ < e). 

Then, for any zq G C n D {|Im z\ > 5q} and E\ > r, there exists £2 > 
such that, for any s > 0, the operator Gq(s) maps H$ (Q s (Z s (zo),£i)) into 
H$ (Q s (zq,E2))- Moreover, Go(s) verifies C?o(0) ~ / and, 

f)G 

ih— ± + (d s W)(s, hD z )G (s) ~ 0, 
as 

uniformly for s G [0,T//i] (T > arbitrary), in the sense that (possi- 
bly by shrinking £2) there exists a constant C > such that, for all v G 
H^ (Q, s (Z s (zq), ei)) and all s G [0, T/h], one has, 

dG 

W ih ^T V + ( - dsW ^ s ' hD z )G {s)v\\ L% (f , s(20i£2)) 



<Ce- 1 l Ch \\v\\rz 



z4 o (fMz s ( 20 ),ei))- 

Ifere, we have used the notation L|, o (S7) = L 2 (f2; e~ 2 ®°( z ^ h dRe zdlm z). 

Proof. Let us recall from [SjJ [MNS2] that, if Q C C n is open, what we 
call H$ (Q) is the set of /i-depending smooth functions on f2, that can 
be written on the form F + /, where F is holomorpic on Q and verifies 
\F(z;h)\ = 0(e(*°^) +e )/ /l ) for any e > 0, while / is such that, for any 
a G N 2n , there exists e Q > such that |d ( a Re zlm z) f(z; h)\ = 0( e (*o( Z )-e Q )/fc) 
uniformly for z£(] and h > small enough. Moreover, such two functions 
are identified if their difference satisfies to similar estimates as the previous 
/, and then we also say that they are equivalent in H$ (Q), or that their 
difference is neglectible in H$ (Q). 

In our case, we have ty SiZ (y, rf) — &o(z) < —5r 2 /2 on the boundary of 7(5, z). 
Thus, by Cauchy theorem, for z G Q, s (zq,£2) and v G H$, (Q s (Z s (zo), £1)), 
if we substitute 70 (s) := ^(s,zq) to 7(3,2) in the expression of Gq(s)v, 
we obtain a function that differs from Gq(s)v by a neglectible function in 
H$ (Q s (zo), £2)), where E2 > must be sufficiently small in order to have, 

sup sup sup (^ StZ (y,rj) - $o(z)) < 0. 

s>0 z6!T2 s (z+Oo,5o),£2) (y,v) £<ho (a) 

This is indeed possible, because on e?7o(s), one has, 

( s )-i| Re ( y _ Zs )| + |I m ( y -Z s )| =r, 
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and, 

Re (Z s (z ) -z-d^W{s,-lmz)) = 0(|Re (z - z)\) 

+0(( S )|Im (z -z)\), 

while, 

Im (Z s {z ) -z- d^W(s, -Im z)) = 0(|lm (z - z)\). 

On the other hand, the function obtained by substituting 7o(s) to 7(5,2;) 
is clearly holomorphic in £I s (zq,E2), and, by Lemma 14.41 it also verifies the 
estimates that makes it an element of H$ q (VL s (zq, £2))- 

By construction, we also have Go(0) ~ /, in the sense that there exists C > 
such that, for all v G H$ (\z — zq\ < £1), and possibly by shrinking £2, one 
has, 

\\G (0)v-v\\ L 2 n z _ zol<£2) < Ce-y Ch \\v\\ L% n z _ M<£l) . 



Moreover, by definition we have, 

i)v(z;} 

e i(z-z')C/h+i(z'-y)ri/h+iW(s,ri)/hQ^^ s ^ q ^4 g-j 



(d s W)(s,hD z )G (s)v(z;h) 
1 



(2TTh) 2n 

where Tq(s,z) is the 4n-contour defined by. 



r (s,z) 

xv{y)dz 'dCdydi], 



T (s,z) : C = -Im z + iR(z - z') ; \z — z'\ < r ; (y,rj) e j(s, z'), 

(4.10) 

with an arbitrarily small constant r > 0. It is easy to check that Tq(s, z) is a 
good contour for the phase (z 1 , y, C, i]) l— * &o(y) — Im (( z — Z ')C + i z ' ~ y)v + 
W(s,rj)) uniformly with respect to s (the critical point is given by z' = z, 
C = r] = — Im z, and y = z + VnW(s, — Im z)). 

Another good contour is Ti(s, z), given by, 

rx( S ,z) : (y,ri) ej{s,z) ; z' = z - iBT 1 (C^Tj) ; \(-r)\ < r', (4.11) 

(with r' > small enough). 

Since the domain of integration is not necessarily a small neighborhood of 
the critical point, the fact that one can substitute T2(s,z) to Ti(s,z) is 
not automatic as in general Sjostrand's theory, but this fact is proved in 
Appendix (see Lemma lA.ip . We obtain, 



(d s W)(s,hD z )G (s)v(z;h) 
1 



Az-y)r,/h+iW(s,r,)/h Wi (^ ^ 7/ ) w ( y ) dyd7/) 
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where W\ is given by, 

^ ' |r,-C|<r' 

Then, standard arguments (such as the analytic stationary phase theorem, 
see [S]]) show that Wi(s,rj) ~ d s W(s,r]) in the space of analytic symbols 
near £ + (x ,£o)- 

Let us also observe that, by construction, (d s W)(s, C) is uniformly bounded 
together with all its derivatives for s £ [0,T/h] and \(\ > ro > 0. As a 
consequence, the previous equivalence of symbols is indeed uniform with 
respect to G [0,T/h]. 
Therefore, setting, 

G'o(sMz) ■■= 7W~u\n I e^-yW h +W(s, v) /h {dsW){s ^ )v{y)dydVj 



(2irhy 



we deduce the existence, for any given e\ > r, of e<i > and C > 0, such 
that, 

\\G' (s)v - (WCa.feD^GoWvlLi^n,^^^)^)) 

On the other hand, by differentiating the expression of Go(s) and using 
that 7(s, z) is a uniformly good contour for the phase ' a z , we immediately 
obtain, 

.,9Gq , 
~d~s o(s) ' 

and Proposition 14,61 is proved. □ 
In the same way, one can construct an operator, 

Gi(s) : H0 o (n s (z o , £!)) -> H$ (n s (Z s (z ), e 2 )), 
(where, as before, £2 > depends on e\ > r, of the form, 

G ^ S M Z ) = 7T~h\n I e^-y^ h -™^)/h v{y)dyd71 (4 12) 

with j'(s,z) given by, 
Re 7/ = — Im y; 

Im 7/ = (s)~ 2 [Re (z — y) + x\ — d^W(s, — Im z) — A s (z)lm (z — y))]; 
(s) _1 |Re (z — y) — x\ + d^W(s, — Im z)| + |Im (z — y)\ < r, 

(4.13) 
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such that Gi(0) ~ I and, 

ih-^-Gx(s) (d s W)(s,hD z )~0, 

in a sense analog to that of Proposition 14.61 Then, we also have, 

G 1 {s)G {s) ~ / on H 9o (tl a (Z a (zo),e))] 
G (s)Gi(s) ~ / on H$ (n s (z ,e)), 

(where, as before, one actually has to schrink e in the estimates) and, in the 
sequel, we rather write Go(s) -1 for Gi(s). 

5 The conjugated evolution equation 

In order to exploit the results of the previous section, we first show, 



Proposition 5.1. Let T > 0, H be the operator defined in li3.2\) - [3^3\) . 
and Q = h 2 H. Let also Z = Z(s) G C n be such that Im Z(s) / and 
(s) _1 |Re Z(s)\ + |Im Z(s)\ + |Im Z(s)\~ l = 0(1) uniformly. Then, for any 
e > small enough, and by choosing R sufficiently small in the definition of 
H (that is, in ijff.4)) ). there exists C > 0, such that, for any s G [0,T/h], one 
has, 

\\ih^ -Qv(s)\\ T2 inl7( , „<Ce- 1/Ch . 



Proof. We first observe that T o D x = D z o T. Moreover, since Im Z(s) = 
0(1), we have that Im z remains uniformly bounded on f2 s (Z(s),e). There- 
fore, using Lemma IB. II in the appendix, we see that hD z is uniformly 
bounded from L| (n s (2e)) to L% (n 8 (e)). 

In view of the form of H and H, and by bringing all the derivatives to 
the left, we easily deduce that is enough to prove that, for any a = a(x) 
holomorphic in Xjj, and verifying (z(x) — 0((x)^) for some fixed k ^ 0, and. 
setting a(z, Q := a(z + one has, 

||T(o«) - Op R (ti)Tu\\ L ^ mz(sM) < Ce-^WuW^^, (5.1) 

with some constant C > 0, and for all s G [0, T/h] and u G L 2 (M n ). 
We compute, 

Op R {a)Tu{z)= [ e- ( - z - x ^/ 2h b{x,z;h)u{x)dx, (5.2) 

with, 

b(x, z; h) := -J— / e (z-y)(><-*My + z)/2)/ ha{ z _±y + 

i^TT/iJ Jy R (z) z 
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Now, the contour jr(z) is not really good for the phase Re [(z — y)(i( — x + 
(y + z)/2)), because it does not contain the critical point given by y = z 
and C = i(z — x) (the critical value is 0), unless x = Re z. However, for R 
sufficiently large, along jr(z) we have, 

Re ((z-y){i(-x + {y + z)/2)) 

= -(R + |)|Re (z -y)\ 2 -{R- ~)|Im (z - y)\ 2 

— (x — Re z)Re (z — y) 
< "f \z-y\ 2 + R- 1/2 \x-Rez\. (5.3) 

In particular, on the boundary of 7#, we obtain, 

Re ((z -y)(i(-x+(y + z)/2)) <~\ + R~ 1/2 \x - Re z\. 

Then, we divide Q s (Z(s), e) into, 

n s (z(s),e) = (J%, 

i=l 

where % C {\z — Zj(s)\ < e} for some Zj(s) € Q s (Z(s), e), and N s = 0((s) n ). 
We also choose a cut-off function \e € Co°({|x| < 4e}) verifying Xs{ x ) = 1 
for |x| < 3e, and, for y such that dist(y, Qj) < R^ 1 ^ 2 , we write, 

Tu(y) = T(x(x-Rez J ( S ))n)(y)+T((l- X (x-Re^( S )))n)(2/) 

=: v j (y)+w j (y). (5.4) 

Then, if we take R~ x l 2 = e and if x is in the support of 1 — x( x ~ Re z j( s ))i 
we have \x — Re y\ > \x — Re Zj(s) \ — \y — Zj(s)\ > e. We deduce from this, 

e-*°(yy h \ Wj (y)\<e- E2 / 2h \\u\\ L 2, (5.5) 

and thus, by the properties of continuity of Op R (a) (see |5J , IMNS 7 ^] ) . 

HOpflCa)^-!!^^) < C{s) k e-^l 2h \\u\\ L ,. (5.6) 

On the other hand, using (|5.3p . if x in the support of x(% — Re Zj(s)) and 
z € Qj, along ~{r(z) we obtain, 

Re ((z -yM-x + (y + z)/2)) <—^\z- y\ 2 + 4e 2 . 
In particular, on the boundary of 'Jr(z) we have, 

Re {(z - y)(i( -x + (y + z)/2)) < -~ 
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and by taking a slightly modified contour, of the form, 

( = -lmz + iR(z~=y)-i(x-Rez)xo{R 1/2 (y-z)) ; \y-z\<R-^ 2 , 

with xo(0) = 1, Xo( r ) = if |r| > 1/2, we see that in this way (and possibly 
by taking R larger), we obtain a good contour for the phase Re ((z — y)(iC — 
x + (y + z )/2)) • Indeed, along the new contour we have, 

Re ((z - y)(i( -x + (y + z)/2)) < -~ \z - y\ 2 + O^i? 1 / 2 ^ - y\ 2 ), 

where, actually, eR x l 2 = 1. As a consequence, and still for x in the support 
of x( x — Re Zj(s)), we can apply the analytic stationary phase theorem to 
compute the symbol b (see [Sj] , Theorem 2.1). In particular, setting, 

y''=^-K—+K ; £ = -i(y-z), 

the integral becomes, 

b(x, z; h) = —L- / e^-y'^ h a(y')dy'd^ 

where j'(z) is a necessarily good contour, along which, 

\x - y'\ = \x + i( - (y + z)/2\ < \( - i(z - x)\ + \y - z\/2 

< 2\x - Re z\ + 3\y - z\/2 < CR~ l/2 ; 
Re {i{x - y')0 < -R\x - y'\ 2 /C, 

for some constant C > independent of R and j. Therefore, we are reduced 
to the same situation as in [Sj], Example 2.6, and, for all N > 1, we obtain, 

b(x, z; h) = a(x) + Rn(x, z; h), 

with, 

\R N (x,z;h)\<C'h N (N + l) n C~ N N\ sup |o(y)|. 

\y-x\<CR~ 1 / 2 

Taking = l/(Cih) with C\ 3> C, and using the assumption on a, we 
finally obtain, 

\b(x,z;h) -a(x)\ < {s) k e~ S ' h , 

uniformly for x G Suppx(^c — Re Zj(s)) and z € and where 5 > does 
not depend on j. 

Coming back to the decomposition (|5.4p . setting Xj( x ) '■= xi x ~ R e z j(s)), 
and using (15. 2|) . this easily leads to, 

|Op fl (a)T(l - XjM*) ~ T(l - X*)au(*)| < (^^^W-^/"^!^, 
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for all z € Clj), and thus, using (|5.5p - (|5.6p . 

||T(au) - Op R (a)Tu\\ La {Qj) = 0((s) k e- 5 ' / h \\u\\ L 2 (Rn) ), 

with 5' = min((5, e 2 /2). Summing over j G {1, • • • , N s }, we finally obtain, 
||T(o«) - Op fl (a)Tu|| L|o(n<(ZWi6)) = 0(( S ) fe+ -e- 5 '^|| u || L2(Mn) ), 

and since s = OfTi -1 ), the result follows. □ 
Setting, 

w(s) := G (s)v(s) = G (s)T(e- ihsH u ), 

we deduce from Propositions 15, ll and !4.6l that, for any zq £ C n n{|Im z\ > 5'} 
and for some constants e > and C > 0, w(s) verifies, 

ll^-^M s )IL| (n sM ^^ 1/C '- ( 5 - 7 ) 

where we have set, 

L(s) := G (s)QG (s)- 1 - {d s W)(s, hD z ). (5.8) 

Then, as in the C°° case, the following analogue of [Na3j Lemma 3.1 is 
essential. 

Proposition 5.2. Let (xo>£o) G T*M n \0 be forward non trapping, and set, 

Then, for any e > smaii enough, the operator B(s) := Gq(s)QGq(s)^ 1 
is an analytic pseudodiSerential operator on H$ (£l s (z+(xo,£o),£)), with a 
symbol b verifying, 

b(s, z, C; h) = (90 + hq x + h 2 q 2 )(z + d ( W(s, (), () + ©(/^.s)- 1 --) 

+0(h 2 (s)- a + h 3 (s} 1 -' 7 ), 

uniformly for s > 0, z G Q s (z + (xo,£o),£)), |C + Im z\ small enough, and 
h > small enough. 

Proof. We first observe that, by (|4.12j) . we have, 

QG (s) _1 !)(z) = — ^ / e ^/WH?(.,,)/^ ^ h ) V (y) d yd V , 



{2irh) r 



where q(z,n; h) := e~ lzv ^ h Q(e l ^ v ^ h ) is nothing but the symbol of Q for the 
standard quantization (see [5j], Section 4), and, using the symbolic calculus 
(see, e.g., |Ma2] Section 2) and Assumption A, one finds, 

q = % + hqx + h 2 q 2 + hr (z + in,rj) + h 2 ri(z + in,rj) + h 3 r 2 (z + Z7?,7?), 
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where the g^-'s (0 < j < 2) are defined in (|3.6p . and the rj(z,£)'s are holo- 
morphic functions of (z, () on T, u x C n , and verify, 

r,(z,C;h) = 0({zy- 1 ^), (j = 0,1,2), 

uniformly with respect to z G S v and /i > small enough, and locally 
uniformly with respect to ( G C™. 

Then, we have, 

G (s)QG (s)- l v(z) = [ e^ h q(y, V ; h)v(x)dxdr,dyd(, 

where 

(j) = <j)(s, x, y, z, rj, C) := (z - y)( + (y - x)rj + W(s, Q - W(s, rj), 

and r(s, z) is the 4n-contour given by, 

r(s, z) : (y, C) G j(s, z) ; (x, 77) G 7'(s, y). 

(The 2n-contours 7(5, z) and 7'(s, y) are defined in (|4.7p and (14.131) . respec- 
tively.) In particular, T(s,z) is automatically a good contour for the phase 
&o(x) — Im (ft, uniformly with respect to s > 0. 

Now, we write, 

W( S ,()-W(s,r l ) = ((-r l )W 1 (s,(,r l ), 

where W\ is well defined and holomorphic near £ = rj = £ + (xo, £o)> an d is 
equal to d(W(s, £) when i] = (. Thus, we have, 

$ = (z - x)rj + (z - y + £ r?))(C - r?). 

Setting y' = y — Wi(s, (, rj) (and dropping the prime), we obtain, 

G Q {s)QG Q {s)- l v{z) = 7TrT^ / e^-*)"/^^)^ 

(2irhy n Jr'{s,z) 

xq(y + Wi,r/; h)v(x)dxdr]dydC, (5-9) 

with T'(s,z) given by, 

r'(s, z) : (y + W x {s, C, ry), C) G t(*, «) ! 0, *?) G 7 '(*, 2/ + ^l)- (5-10) 

Of course, T'(s, z) is necessarily a good contour for the new phase $o(x) — 
Im ((y — x)r] + {z — y)(), uniformly with respect to s, and another such 
uniform good contour is given by, 

rj = — Im z + i(z — x); 
T\(s,z) : { C = r/ + i(J^); (5.11) 
\z — x\ < r ; \z — y\ < r, 
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with r > small enough. 

As before, the possibility of substitution of T'^Sjz) to T'(s,z) is not com- 
pletely obvious, but we prove it in the Appendix (see Lemma lA.2p . As a 
consequence (and up to exponentially small terms in H$ (£I s (z+(xq, £q), e))), 
we obtain, 

Go(s)QGo( S rV z) = -\- [ e^- x ^ h b{s, z, r,)v(x)dxdr,, (5.12) 

(2vr/i) n J l(z) 

with, 

b ( s > z, rj) = -\- [ e^-vXC-O/ftgfo + w^s, (, r,), m h)dyd( 



and where the two 2n-contours of integration are given by, 

7(2) : 

y'(z,r)) : 



r\ = — Im z + i(z — x); 
\z — x\ < r, 

C = r) + i{z-y); 
\z — y\ < r. 

Here, we must observe that, for \rj + Im z\ + |£ — rj\ + \y — z\ small enough 
and z E fl s (z + (xo,t;o),e)), one has, 

y + Wi(8,(,rj) = z + (x ,to) + d c W(s,£ + {x ,£ )) + (s)9 

with 9 E C n , \9\ arbitrarily small (uniformly with respect to s). Moreover, 
by Lemma \3. II and (|4.4|) . we also have, 

\d ( W(s,C + (x ,Co))\>^-C, 

for some constant C > 0. Therefore, since c?£W(s, £+(xo, £o)) is rea b we 
deduce that y + Wi(s, C, v) remains in £„, and thus g(y + Wi(s, C> Tj), rj; h) 
is a well defined symbol in the region of integration. As a consequence, we 
can apply the analytic stationary phase theorem again (exactly as in 
Example 2.6), and we obtain, 

hk 



i k kl 

k>0 



y — z 



in the sense of analytic symbols on {(z,rj); z E Q s (zj,-(xq, £q), e)), |r? + 
Im 2 1 < r}, and uniformly with respect to s, with, 

b {s,z,rj) = q {z + d c W(s,ri),r]); 
his, z, r,) = qx(z + 8 c W(s, r,),r,) + ©((a)- 1 - 7 ); 
6 2 (s, z, r?) = q 2 {z + 5 c W(s, 77), 77) + 0((s}-°); 
b j (s,z,r l ) = 0((s} 1 -°) (j>3), 
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uniformly for s > 0, z £ U s (z+(xo, £o), \v + Im z\ < r. 

In view of (I5,12|) . this concludes the proof of Proposition 15.21 □ 

6 Proof of Theorem 12.11 

We start from (|5.7j) - (j5.8p with zq = z + (xq,^q), where (xo,£o) is forward non 
trapping. Proposition 15.21 tells us that L(s) is an analytic pseudodifferential 
operator on H$, (Q s (z + (xq,!;o), e)), with symbol l(s,z,C;h) verifying, 

£(s, z, C; h) = (q + hqi + h 2 q 2 )(z + d ( W(s, (), Q - (d s W)(s, () 

+(D(h( S )- 1 -° + h 2 {s)-° + h^s} 1 -*). 

In particular, uniformly for s G [0, T/h] with T > fixed, we obtain, 

£(s, z, C; h) = q(z + + d c W(s, c), C; h) - (d s w)(s, c) + o(/ l ( s )- 1 - CT ), 

where q = qo + hqi + h 2 q2 is as in Section El 

Then, denoting by k(x,£) := (x — the complex canonical map asso- 

ciated with T, we observe that the Hamilton flow R s of £o(s,z,(;h) : = 
q(z + + d c W(s, 0, C; h) - (d s W)(s, C) is given by, 

R s = K o R s o 

with, 

R s (x, £; h) := {x(s, x, £; h) - d(W(s, £(s, x, £; h)),£(s, x, £; /i)), 

(where, as before, (x(s, x, £; /i), £(s, x, £; /i)) = exp sH q (x, £)). 

Then, by Lemma 14.21 we see that for any fixed t > and for any (x, £) in a 
small enough complex neighborhood of (xq,^q), one has 

lim R t/h (x -i£,£;h) = (x + (x,£) - i£+(x, £), £+(x, £)). 
Let us also observe that, by construction, we have, 

z, C; *0 = 9(2 + K + d c W(s, C), C; /») - g(d c W(s, (), C; fc), 

and thus, for (z,C) close enough to (z + (xo, £o)> £,+ (xo, £0)), we obtain, 

£ (s, z, C; h) = OUs)-"- 1 + h(s)-° + h 2 {s) l ~°) = O^)— 1 ), 
uniformly for h > small enough and s £ [0, T/h]. 
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^From this point, the proof becomes very similar to that of the short range 
case [MNS2J, and we only sketch it. 

Setting (z s (zX),(s(z,()) ■= Rs(z,() and z\ := z Sl (x -ifo,£o) with si > 
large enough, then for all s > 0, one first construct an analytic Fourier 
integral operator, 

F(s) : H$ 0>Z1 — » %,j s ( 21 _i m2l ), 

of the form, 

F ( S M*) = TTT^ I jM'' z ' v) - m)/h v(y)dudTi, 
[Zirn) J^ s (z) 

where "f s (z) is a convenient 2n-contour and ip is a holomorphic function of 
(2,77) near (z s (zi, — Im zi), — Im z\), solution of the system (eikonal equa- 
tion), 

f d s ij) + 4(s, z, v 2 V; /1) = 0; , g 1 - 

\ V U=o = z.r], 

In particular, -0 also depends on h (but in a well-controled way), and it 
quantizes the canonical map R s , in the sense that one has, 

(z, V 2 ^(s, z, 77)) = R s (y v ip(s, z, rj)). 

Moreover, F{s) verifies, 

ihd s F(s) - L(s)F(s) = hF^s), 

where F\(s) : H$ QiZl — > -ff$ 0)2s ( 2l) _i m 21) has the same form as F(s), but 
with some symbol z, 77; h) that is Q((s)~ 1 ~ a ) uniformly for s £ [0, T/h], 
h > small enough. Moreover, using that, for any t > 0, ^/^(z, tends to 
Zoo(z, C) := z + (z + i(, C) as /t — > + , one can prove, as in [MNS2j Section 6, 
that, for any given £\ > 0, there exists £2 > such that, for all h > small 
enough, F(t/h) sends -ff$ (|z— zi| < £2) into .ff$ (|2: — Zoo(-zi) — Im zi)| < £1). 

Similarly, still for s G [0, T/h], one can construct a Fourier integral operator, 

F(s) : ff$ i s ( 2l ,-im2i) ~~ * H$o,zi 

verifying, 

ihd s F(s) + F(s)L(s) = hF^s), (6.2) 

where the Fourier integral operator F\(s) has the same phase as F(s) and 
a symbol Q((s)~ 1 ~ a ). Moreover, for any t > and £1 > 0, there exists 
£2 > such that, for all h > small enough, F(t/h) sends fl$ (|,z — 
Zoo(zi) -Im zi)\ < £ 2 ) into i?$ (|z - z±\ < £1). 
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Then, setting, 

w(s) := F(s)w(s) = F(s)G (s)T(e- ihsH u Q ), 

we deduce from (I5.7p - (I6.2|) that w verifies, 

ihd s w{s) = hFi(s)w(s) = hFi(s)A(s)F(s)w(s) in H$ 0iZ1 , 

where A(s) is a parametrix of the elliptic analytic pseudodifferential operator 
A(s) := F(s)F(s) on ( Zl ,-im*i)> 

Observing that Fi(s)A(s)F(s) is an analytic pseudodifferential operator on 
H$o,zn W1 th symbol uniformly 0((s) _1_s ) for s € [0,T/h], we easily deduce, 

\ds\\w(s)\\l, {lz _ Zll<ei) \ < C(s)-^\\w(s)\\l, ( |,_ Z1 | <2£1) , (6.3) 

for some positive constants £1 small enough and C large enough, and where 
<S is such that |$o - $o| and |V(^^)(l>o - $q)| are small enough, $ > $0 
on {|z - z%\ < Ei}, $o = $0 on {\z - Zi\ < £i/4}, and 4> > $o + on 
{\z — zi\ > £i/2} for some constant <5i > 0. 

Note that, in (|6.3|) . the estimate is better than the analogous one obtained 
for the short range case in [MNS2J (see formula (5.6) in [MNS2]). This is due 
to the fact that, in (|6.1[) . we have left the whole symbol £q instead of taking 
just its principal part qo(z + i( + d^W(s, Q,(', h) — qo(d^W(s, C), Ci h). In 
[MNS2] , this had some interest because the symbol obtained in this way did 
not depend on h, and the construction could be done for all s > (without 
limitation of order /i" 1 ). But here, in any case we have an /i-dependence 
inside W. 

Because of the choice of $o> and the fact that ||e _ifts ^uo||_L2 = ||mo||l 2 does 
not depend on s, we deduce from (|6.3p . 

with some constant 5\ > 0, and thus, since (s}~ 1 ~ a ds < oo, we obtain, 

|R S )Hi ? (| _ 1|<£1) < C\\vi(0)\\b (\^\<ei) + C ' e ~ 5l/h ; ( 6 - 4 ) 
II^WH^d^K^) < C'Ms)\\l iQilz ^ ll<ei) + CV^, (6.5) 

with some new constant C > 0, and where the inequalities holds for all 
s G [0,T/h], h > small enough. 

Now, if (a?Q)£o) is not in WF a (uo), then, by standard propagation of sin- 
gularities (see, e.g., [Ma2j), we know that R Si (xq,£o) £ WF a (u), and thus 
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w(0) is exponentially small in a neighborhood of Z\ := koR s1 (xo,£o). Then, 
(|6.4p tells us that, for all s G [0, T/h], w(s) is exponentially small in some 
fixed neighborhood of Z\. In particular, taking s = t/h with t > fixed, we 
deduce that, for h small enough, Go(t/h)T(e~ ttH uq) is exponentially small 
near z QO (zi, — Im z\) = z + {xq, £o)- The converse can be seen in the same 
way by using (|6.5|) . and thus Theorem 12. II is proved. 



APPENDIX 



A Deformation of non-local good contours 

Lemma A.l. Let Tq(s, z) and T\(s, z) be the two contours given in <|4.10j) - 
&4.11\) with R > 1 large enough. 

Then, there exists a deformation of contours [0,1] 3 t Tt(s,z) with 
Fq(s,z) C Tq(s,z) and Ti(s,z) C Ti(s,z), such that, for all t € [0,1], 
Tt(s, z) is a good contour for the phase (z' , y, (, rf) t— » $o(y) — I m {{ z — Z ')C + 
(V — y)rj + rf)) uniformly with respect to s, and, for j = 0, 1, one has, 

inf inf [® {y) - $ {z) -Im ({z - z')( + (z' -y)n + W{s,ri))] 

< 0. 

Moreover, for any e\ > 0, if z € Q s (z + (xq, £o)> £2) with £2 > smaJI enough, 
then, along Tf(s, z), both n and C, remain in an arbitrary small neighborhood 
of £,+(xq,!;o), while y remains in Q, s (Z s ,Ei). In particular, in the integral 
114.9]) one can substitue Ti(s,z) to Tq(s,z), up to an exponentially small 
term in H^ (n s (z + (x ,(,o),e 2 ))). 

Proof. First of all, using the fact that W is real on the real, by a Taylor 
expansion we obtain, 

Im W(s,rj) = Im n ■ V ( VF(s,Re 77) + 0((s)|lm r?| 3 ) 

= Im i] ■ \/^W(s, — Im z) + Im 7? ■ A s (z)(He rj + Im z) 

+0((s)|lm f]\ 3 + (s)|Im 77 1 I Re 77 + Im z\ 2 ). 

Then, inserting this expression into the phase 

$1 := $o(y) - *o(«) ~ Im i( z ~ Z ')C + ( z> - y)v + W(s, j])), 
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and setting 



fj = Re r\ + Im z + z(s)Im 77; 

y = (s) _1 (Re (y — z) - V<W{s, — Im z)) + ilm (y 



(A.l) 



C = C + Im z; 

z = z' — z, 

we easily obtain, 

$1 = Q s (f],C,y,z) + 0({s)' 2 \lmf 1 \ 3 + |Im r)| |Re r]| 2 ) 

= Q s (fj,(,y,z) + 0(\fj\% (A.2) 

where Q s is a uniformly non-degenerate real-quadratic form on C 4n , with 
uniformly bounded coefficients, such that, along the two contours Tq(s,z) 
and Ti(s,z), one has, 

Q s (fl,(,y,S)<-5(\fj\ 2 + \(\ 2 ), 
for some positive constant 5. Actually, we find, 

Qs(v,(,y,z) = ^(Im y) 2 + Im {zQ + Im (j/77) - Re r]Im z 
— —Re z Im fj — Im 77 • A,(z)Re r], 

where we have set, 

A s (z) := (s^Asiz) = 0(1). 



On the other hand, we see that the contour To(s, z) is given by, 
T (s,z) : 



?7 = -iy - i(A s (z)Im y + a s (z,z)); 
C = — i-Rz ; I Re y + a s (z, z)| + |Im y\ < r ; |z| < r, 



with, 



a s (z,z) := {s)- 1 (Re(z-z')+d c W(s,-Imz)-d c W(s,-Imz')) 
= -(s)~ 1 Rez + 2 s (z)Im5 + 0(|Imz| 2 ), 

while Ti(s, z) can be written as, 

fj = -iy - iA s {z)lm. y; 
Ti(s,z):^ ( = -iRz + Re fj + i(s) _1 Im fj; 

|Re y\ + |Im y\ < r' ; \z\ < r', 
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that is, 

{fj = -iy - iA s (z)lm y; 
C = -iRz - Im y - i{s)~ l (Re y + A s (z)lm y)\ 
| Re y| + |Im y| < r' ; |i| < r'. 

Then, for t S [0, 1], we set, 

{fj = -iy - i(A s (z)lm y + (1 - t)a s (z,J)); 
C = -iRz -thay- it(s) -1 (Re y + A 8 (z)lm y); 
\y\ + \z\ < r", 

where r" > is taken sufficiently small in order to have, 

{\y\ + \z\ < r"} C ({|Re y + a s (z, z)\ + |Im y\ < r ; \z\ < r, } 

n{|Re y \ + |Im y\ < r' ; |5| < r'}) . 

A straightforward computations shows that, along Tt(s,z), one has, 

Q s (ry, C, y, z) < --(Im y) 2 - (Re y + A,(z)1m yf - R\z\ 2 

+C\z\ (\z\ + |Im y\ + | Re y + J 4 s (z)Im y|), 

where the constant C does not depend on the choice of R. As a consequence, 
by choosing R sufficiently large, along T t (s, z) we obtain, 

Q s (fj,C,y,z) < -5(\y\ 2 + \z\ 2 ), 

with some constant 5 > 0. Since \y\ + |f | ~ |7y| + |£| on Tt(s, z) (in the sense 
that both quotients of these quantities are uniformly bounded), in view of 
(|A,2h this means that Tt(s, z) is a good contour for the phase $i. 

Finally, along on Tt(s, z), all vectors fj, y, z remain in an arbitrarily small 
neighborhood of 0. As a consequence, we see on (jA.ip that both rj and ( 
remain in an arbitrary small neighborhood of £+(xo,£o)) w hile y remains in 
U s (Z s ,si) (ei > arbitrary) if z E Q s (z + (xo, £q), 82) with Ei > is small 
enough. □ 

Lemma A. 2. Let T'(s, z) and T'^(s, z) be the two contours given in &5.1U]) - 

Then, there exists a deformation of contours [0,1] 9 t 1— ► Tt(s,z) with 
r (s, z) C T'(s, z) and T x {s, z) C T[(s, z), such that, for all t G [0, 1], r t (s, z) 
is a good contour for the phase (x, y, £, rj) 1— > &o(x) — Im {{y — x)rj + {z — y)() 
uniformly with respect to s, and one has, 

¥n tv, ^ , J $ o(z)-$o(2)-Im((y-x)77 + (z-y)C)] < 0; 

inf inf [^o(^) - $o(z) ~ Im ((y - x)rj + (z — y)C)l < 
s>o ri(s,*)\ri(s,a) 
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Moreover, if z G £I s (z + (xq, £o), e) with e > smaii enough, then, along 
T t (s, z), the quantity y + Wi(s, C> ??) remains inside £„. In particular, in the 
integral <I5,9|) one can substitue T'^Sjz) to T'(s,z), up to an exponentially 
small term in H$ (Q s (z + (xo,!;o),e))). 

Proof. We first observe that, along T'(s,z), we have, 

| Re r\ + Im z\ + | Re C + lm ^| < 2r ; |Im n| + |Im C\ < Co(s}~ V, 
with a constant Co > independent of the choice of r. Moreover, writing, 

W l (s,(,r l )= f d c W(t( + (l-t)ri)dt, 
Jo 

and using the fact that W is real on the real, we easily deduce, 

lmWi(8,C,v) = \M*)(Pi +A) + 0(|a| |/3| + (s)- 2 \(3\ 3 ), (A.3) 

where we have set, 

a = (a±, a 2 ) := (Re £ + Im z, Re 77 + Im z); 
P=(lh,02) ■= «s)Im C, <s>Im 77). 

Similarly, we have, 

Re Wi{s, C, V) = 9 C W{s, -Im z) + ~4 a (*)(ai + a 2 ) + 0((s)|a| 2 + <s> ~ 1 1 /5 1 2 ) . 

(A.4) 

Substituting these expressions into the equations defining T'(s,z), and set- 
ting A s = (s)^ 1 A s (z), we find, 

ai + ^i s (/3i + f3 2 ) = lm(z-y) + 0(\a\ \/3\ + |/?| 3 ); 

Pi + -A a (an + a 2 ) + -^AliPi + P2) 

= (s^Re (z-y) + A s Im (z - y) + 0(\a\ 2 + |/?| 2 ); 

a.2 = Im [z — x); 

/? 2 - ^2 s (ai + ora) + + #0 

= (s^Re (j, - s) - A s Im (y - x) + 0(|a| 2 + |/?| 2 ), 
where similar estimates for the derivatives can also be obtained. 

In particular, since \a\ + |/3| < (2 + C )r « 1, I s = 0(1), and A 2 S > 0, we 
easily see that the implicit function theorem can be applied to the variables 
(a,P), and permits us to re-write the equations defining T'(s,z) as, 

C = F (s,z,x,y) ; rj = G (s,z,x,y), 
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where Fq and Go depend smoothly on (z, x, y) (actually, analytically on 
Re (z,x,y) and Im (z,x,y)) in the domain of integration, and verify there, 

$ (x) - $o(z) - Im ((y - x)G + (z - y)F ) 

< -<5i(a)- 2 [|Re(«-y)| 2 + |Re(z-x)| 2 ] (A.5) 
-S^Im (z-y)| 2 + |Im (z-x)\ 2 }, 

for some constant 5\ > 0. (Here, we have also used the fact that, on 
T'(s, z), the size of (a, (3) is of the same order as that of (Im (z — y), Im (z — 
x), (spRe (z - y), (s^Re {z - x)).) 
Moreover, if tq > is a small enough constant, the set, 

T (s,z) := {(x,z,(,v) ; C = F (s,z,x,y), rj = G (s,z,x,y), 
( s )- 2 |Re(z-y)| 2 + |Im (z-y)| 2 <r 2 , 
(s)- 2 \Re (z -x)\ 2 + |Im (z - x)\ 2 < r 2 } 

is included in T'(s, z) for all s > 0, and it verifies, 

TV, ^ , ^ " Im " X ^ + ^ ~ < °' 

s>o r'(s,z)\r (s,z) 

On the other hand, the contour (s, z) can obviously be written as, 

C = Fi(s,2,x,y) ; 77 = Gi(s, z, x, y) ; |z - x| < n ; |z - y\ < r, 

with, 

$o(x) - Mz) ~ Im ((y - x)G 1 + (z- y)F 1 ) (A.6) 

< S 2 [\z-y\ 2 + \z-x\ 2 ], 

for some constant 82 > 0, and, possibly by shrinking ro, we can can also 
assume that ro < r. 

Then, for t E [0, 1], we set, 

p t {s) := ^(l-t){s)-i+t; 

B t (s, z) := {x £ C n ; p t (s) 2 |Re (z - x)| 2 + |Im (z - x)\ 2 < r 2 }, 

and, for j = 0,1, we define the vector-valued functions x 3 t (s,z,x,) and 
yl (s, z, y) by the formulas, 

Re (x? t — z) = (s) 1 ~ j, /9t(s)Re (x — z) ; Im x^ = Im x; 
Re (yf - z) = (s) 1 ^ j p t (s)Re (y - z) ; Im y^ = Im y. 
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In particular, we see that if x,y G B t (s,z), then x\,y\ G Bj(t,z), and 
moreover x ] - = x, yj = y. Therefore, we can consider the contour T t (s,z) 
given by, 

r t (s, z) : C = F t (s, z,x,y); r) = G t (s, z, x,y); x, y G £ t (s, z), 
where Ft and Gt are defined by, 

Re F t (s,z,x,y) = (1 - t)Re F (s, z, x° t , y°) + tRe Fi(s, z, xj, y\); 

Im F t (s,z,x,y) = (1 - t)(s)p t (s)Im F (s,z,x^,y^) + tlm Fi(s, z, x\, y\); 

ReG t (s,z,x,y) = (1 - t)Re G (s, z, x°, y°) + tRe Gi(s, z, x\, y\); 

Im G t (s,z,x,y) = (1 - t)(s)p t (s)lm G (s, z,x^,y°) + tlm Gi(s, z, x\ , y\). 

(Note that the notations remain consistent when t = or t = 1.) Then, 
1 1— ► 2f) is a continuous deformation between Tq(s, z) and Ti(s, z), and, 
along Tt(s,z), a straightforward computation gives, 

Im ((y - + (z - y)() 

= (1 - t)Im ((y t ° - z°)G (z°, y°) + (z - y° t )F Q (x° t , y°)) 
+ilm ((y, 1 - x^GiCxhlft 1 ) + (* - y^x, 1 , y, 1 )), 

and thus, using CO]) and fOjh and the fact that $ (» = $o(zt ) = So04), 
we obtain, 

$o(x) - $o(*) - Im ((y - z)jj + (z - y)C) 

< - §1 (l _ t) p 2( s ) [|Re ( z _ y )|2 + | Re {z _ x) |2] 

-<5i(l - t) [|Im (z - y)| 2 + |Im (z - x)\ 2 ] 
-5 2 tp 2 t (s)[\Re(z-y)\ 2 + \Re (z - x)\ 2 ] 

-5 2 t[\lm (z-y)| 2 + |Im (z - x)\ 2 ]. 

In particular, setting 5 = min(<5i, f^), this gives, 

* o (a0 - *oC0 - Im ((y - x)rj + (z - y)() 

<-6p 2 (s)[\Re(z-y)\ 2 + \Re(z-x)\ 2 ] 

-6[\lm (z-y)| 2 + |Im (z-x)\ 2 ], 

and we also obtain that 3>o0*0 — &o( z ) — Im ((y — x)rj + (z — y)() < —Sr^ 
on the boundary of T t (s,z). As a consequence, T t (s,z) is a good contour 
for the phase &o(x) — Im ((y — £c)ry + {z — y)Q) uniformly with respect to 
s, and it remains to prove that, if ro has been chosen small enough, and if 
z G Q s (z + (xq, £o), e) with e > small enough, then, for all t G [0, 1], along 
T t (s, z) one has y + Wi(s, (, rj) G S v . 
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We first observe that, by definition, the functions Fj and Gj (j = 0, 1) verify, 

| Re Fj + Im z\ + |Re Gj + Im z\ < Cpj(s) [|Re (z - y)| + |Re (z - x)|] 

+ |Im (z — y)\ + |Im (z — x)\, 

for some uniform constant C > 0. Then, for any t 6 [0, 1], we deduce, 

| Re F t + Im z\ + |Re G t + Im z| < Cp t (s) [|Re (z - y)| + |Re (z - x)|] 

+C[|Im (z-y)\ + |Im (z - x)\], 

and thus, on T t (s, z), 

| Re C + Im z| + | Re 7/ + Im z\ < 4Cro- 

Similarly, we find, 

|Im F t \ + |Im G t \ < C((l - t)pt(«) + *)Ms)[|Re (z - t/)| + |Re (z - x)\] 
+C((1 - t)pt(a) + *) [|Im (z - y)| + |Im (z - x)|] , 

and thus, on r t (s, z), 

|Im £| + |Im 7/| < 4Cro. 
Therefore, using (|A.3|) - (|A.4p . we deduce that, along T t (s,z), we have, 

y + Wi(s,C,fj) = z + d c W(s,-Im z)+Y, 

where z, Y" S C n verifies, 

|Y| < Cir (s), |z - z+(z , £o)| < Cie(s), 

with a constant Ci > independent of ro,£. In particular, using (|4.4|) and 
Lemma EH1 we conclude that y + Wi(s,(iV) £ S„ as long as ro and e are 
taken sufficiently small. □ 

B Derivatives on non-local i7$ -spaces 

With Op R defined as in (13.3[) and Z(s) as in Proposition 15.11 we have, 

Lemma B.l. For all a £ N n , e > 0, and R > 1 iarge enough, there exists 
C > 0, such that, 

||(^)"^-o P/i (c")^IL| o(f , s( ^ (s) , e)) < c'< s )- e - 1 / c ' /i ||^|| i|o(ns( ^ (s)>e+4 ^ 1/2)) , 

uniformly with respect to s > 0, v € if$ (fi s (Z(s),£i)), and /i > smaiJ 
enough. 
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Proof. When a = 0, if we parametrize Jr^z) by y G C n , we find, 

Op R (l)v(z;h) = (4V / e- R ^ 2 / h w z (y)dReydlmy, 

with 

: = e -i(*-v)l™ z / h v (y). (B.l) 

Setting 

x := R 1/2 (Re (y - z),Im (y - z)) , 
and A := 2/h, the previous integral becomes, 

(vr/i)- n / e- Xx2/2 w z (x)dx, 
IB 



with i? := {x := (x 1 ,x 2 ) G M 2ri ; |x| < 1}, and 

w z (x) := w z (z + i?~ 1 / 2 (j;i + ix 2 )). 



Then, we can apply the analytic stationary phase theorem, as stated in Sj 
Theorem 2.1, and, observing that Aw z (x) = 0, we obtain, 

Op R (l)v(z; h) = v(z; h) + R N {h), 

where, for all N > 1 and h > 0, R]\r(h) verifies, 

\R N (h)\ < C n 2~ n h n+N {N + l) n iV! sup \w z (x)\, 

x£B 

for some constant C n > 0, and with B := {x = fix ; x G B , fi G C , < 
1} C {x = (xi,x 2 ) G C 2n ; |xi + ix 2 | < 2}. Then, taking iV = [l/C x h] with 
Ci > 1, we easily deduce, 

\0 Vr (1)v(z- h) - v(z; h)\ < Ce~ 1/Ch sup \w z (x)\, (B.2) 

x£B 

for some constant C > independent of -R. Now, by Cauchy estimates, 
for any x G C n with |x| < 2, we see that (for some other constant C > 
independent of R), 



\v(z 



+ R~V 2 x)\ <CR n ^ GR - 1/2 +^ z+R - 1/2 ^y h \\v\\ L 2 (JJ . ( 4R-i/ a) ), (B.3) 



where B^AR' 1 / 2 ) := {z' G C n ; [2/ - z| < 4R- 1 / 2 }. On the other hand, we 
have, 

I - & (z) + iR~ 1/2 xJm z + <S> (z + R- 1/2 x)\ = RT l (hn. x) 2 < ART 1 . (B.4) 
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We deduce from flBTQ-CEU), 

\Op R (l)v(z;h)-v(z;h)\ < C R n / A e^l h+CR ~ 1/2 - l / Ch \\v\ 



L| (B,(4R-l/2)), 



for some (new) constant C > independent of R. Therefore, taking R 
sufficiently large, for all z in Q s (Z(s), e), we obtain, 

e-^l h \0 VR {l)v(z;h)-v(z-h)\ < C^e-^M^^^^y 

Taking the square and integrating with respect to z on Q s (Z(s),e), the result 
for a = follows. Then, the general result for any a € N n follows, too, by 
observing that Op R (( a )v = (hD z ) a Op R (l)v+0(e-^ 2h sup^^-i/a \v(y)\. 

□ 
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